
L A E T I T I A  L E  P O U R H I E T  
I S T E P  U P M C  P A R I S  

L U C K Y  1 3 T H  C O N F E R E N C E  N O R W A Y  

Plasticity and Strain Localisation in 
the Crust and Lithosphere Models  

Numerical    Aspects 

Many thanks to Davidave Mayhem, Joel Frelat,  Petsc and my lappy    



Typical crust 
lithosphere 
problem 
Driven by boundary 
conditions and 
mechanical 
heterogeneities 

Weak density contrast 

Weak influence of 
gravity 

Large average strength 

Length scale of the 
order of 10’s to few 
100’s km 



Outline … 

What is a long term 
tectonic fault ? 

How we model them in 
long term tectonics 

What are the many and 
main issues with our 
model 

Clues… new ways …
other approaches…
possible solutions.. In 
one word what’s next ?   

Today I’ll focus on faults…. 



What is a long 
term tectonic 
fault ? 
With faults it is all a matter of 
scale, long term tectonic faults 
are faults that are plotted on 
regional scale maps 

These faults are not straight line 
infinitely thin…  

They are networks of 2-3 meter 
thick cataclasites and most of 
the time these objects are 100m 
to 20 km wide. 

Slip planes are indeed thin but 
slip planes are not long term 
faults, they are events…  that 
occur at much smaller time 
scale than our time steps !  

 Some times it is good to put a 
scale …  

Long term tectonic considers:  
 Time scales that span from couple 

of Myr to 100’s  
 Length scales that span from 10’s 

to 1000 km  



What is a long 
term tectonic 
fault ? 
So lets go to one of my 
favourite play ground…. 



What is a long 
term tectonic 
fault ? 



What is a long 
term tectonic 
fault ? 



What is a long 
term tectonic 
fault ? 



One can also observe long term 
structures in the bathymetry …  

Fournier et al. 2011 EPSL 



Or simply in the “real” topography 

DEM with J. Saleeby 
interpreations  



What is a long 
term tectonic 
fault ? 

After Chester et al. JGR 1993 



What is the 
orientation of 
a fault 

 What is missing here are the strike 
slip faults, because they would all 
probably be severely misoriented. 

Colletini 2001 Geology 



Modeler view 
of this 
problem 



Solid Earth:  
The elastic 
approach 
Fractured mechanic 
approach was find to be 
very hard to implement 
for large strain and is 
now no longer used by 
the long term tectonic 
community, however, it 
is used in code like 
Pylith (CIG) or Adeli (J. 
Chéry and R. Hassani)  
to study earth at the 
scale of several earth 
quake cycles.  

The choice  
Are you 

  a fractured mechanics person 

                           or  
  a continuum mechanics person    



How we model 
faults in long 
term tectonics 





Non associated 
flow rule and 
so called 
structural 
softening 
as used in long 
term tectonics 
community 
follows more 
or less 
Vermeer 1990 
paper (14 
pages) 

Vermeer 1990 géotechnique, Le Pourhiet 2013 BSGF 



Non associated 
flow rule and 
so called 
structural 
softening 
predicts that a 
wide range of 
orientation are 
acceptable…  

Vermeer 1990 géotechnique, Le Pourhiet 2013 BSGF 



Characteristic 
elastic strain 
during the 
transient is 
very small  

Le Pourhiet 2013 BSGF 



How we model 
faults in long 
term tectonics 
Much Later when I was 
a phd student…  

People started to 
compare numerical 
code for plasticity 
problem…  



How we model 
faults in long 
term tectonics 
Much Later when I was 
a phd student…  

People started to 
compare numerical 
code for plasticity 
problem… 

AND GOT REALLY 
SCARED  

And the forbidden question re-emerged …  
What is the correct orientation for shear band …  



Visco – Plastic 
approach 
Since the residual stress 
does only depends on 
shear band orientation 

And  

The elastic strain is 
small 

It is possible to find an 
effective viscosity that 
reach a similar 
orientation 
instantaneously. 



Comparison… 
and 
parametric 
approach 



And last year I 
started to play 
the game of 
comparisons  
using our (Dave 
and I) new code  
pTatin 

And got really 
unhappy with 
the results 
what was so 
different about 
pTatin that 
brought this 
effectively 
weaker 
rheology ?  









pTatin  





pTatin 







pTatin 



Other 
consequences
… 
We do not get 
the same 
results as the 
others  

or even with  
our selves  



S O  I  D E C I D E D  T O  C O M P U T E  P L A S T I C I T Y  A T  
T H E  G A U S S  P O I N T  R A T H E R  T H A N  A T  T H E  

M A R K E R  

SCARY 



What’s the issue with our model ?  

 120 x 360 

 80  x 240 

 40  x 120 

 20  x 60 
  
 10 x 30 
  
 5  x 15  



Just to show it is not just my 
code…  

Lemiale et al,  
Pepi,2008  



What’s the 
issue with our 
model ?  

Lack of convergence of 
the non linear solve 

Lack of convergence of 
the solution with 
resolution   

Particulary sick case to illustrate the problem, i.e.  
Instead of using benchmarks parameters, I now use 
typical production tolerances and run 50 time step…  
Gauss point projection, 
Dirty non linear solve (maximum number of non linear 
iterations limited to 7 ) 
Time stepping continues if non linear solves fails.  



What’s the 
issue with our 
model ?  

Problem 1 :  
The non linear solver either:  
1) Oscilates with picard and no line 

searching 
2) Diverges with Picard and line 

searching  
3) Causes the number of linear 

iterations to explode with Newton 
(>10000, Diverge due to max it) 

As a result even on the first time 
step we don’t know what is the 
solution.   



Solution to the 
non linear 
equation 
Non linear solver 
strategy :  

Change from exact 
to inexact newton  

And make use of ew 
algorithm to 
compute ksp 

Was that hard to 
implement? 

Nope, we are using 
petsc snes  



Solution to the 
non linear 
equation 
Projection of 
viscosity on 
gausspoint 

Makes a smoother 
solution…  

Picard now works with 
linesearching and 
oscilation disapear 

Yet for large viscosity 
contrast exact newton 
fails because the pb is 
too hard  



Solution to the 
non linear 
equation 

May & Le Pourhiet, in prep, 
JCP 

Unfortunately, this only works with markers, not with gauss points, 
So we loose the pseudo sub element accuracy, shear bands are thicker 
And we need more grid resolution… 



And just as a 
reminder…  
it does not 
solve the issue 
with 
convergence 
with grid 
resolution…  



One might now 
ask, why the 
other 
rheologies we 
use in earth 
science to 
localize strain 
do not have 
this issue ? 
Even when 
they are very 
non linear ?   



Maybe, 
we might have 
read more 
carefully the 
original review 
(68 pages) 



Original 
formulation 
Note :  

1)  There is a 
hardening modulus 
h  

2)  This localisation 
with this rheology is 
triggered by 
unstability, unless h 
is adjusted to 
compensate for 
stress drop… 

3)  Remember FLAC is 
an inertial method. 



Solutions ?  
Is it possible to actually 
find a method for which 
we might obtain the 
solution of the non 
linear problem ?  

What can we do to 
make sure the solution 
does not change when 
we increase the 
resolution ? 

Problem : 
Non associated flow rule does not yield a unique possible 

shear band orientation… 

The stress drop depends sollaly on orientation of the 
band… which in turns depend on resolution and 
numerics we never describe in papers…  

 For visco-plastic case it does not even depends on 
strain…. 

It is mechanically unstable (rupture Drucker Postulates)  
The derivative of work with displacement is negative and 

our formulation does not have a term too store the 
energy released by strain localisation…. (no elasticity / 
no inertia )  

The problem is just badly paused… 

 We can benchmark codes as much as we want they will 
never reach the same results  



Looking closer 
at the Original 
formulation  
The hardening modulus 
h, permits to select a 
initial orientation…  

This parameter depends 
on mobilised friction 
and dilation and 
therefore might be used 
as a state variable to 
introduce softening/
damage. 



“The” orientation 
should be Arthur if we 
would used this 
hardening formulation.  



What if the 
secret would 
be to find a 
rheology that 
localises strain 
with the 
“right” angle 
without 
rupturing 
Drucker 
postulate ?  



Convergence 
with the grid 
resolution 
What Do I mean by 
convergence…. 

Simply that results do 
not change when I 
increase the resolution !  

 120 x 360 

 80  x 240 

 40  x 120 

 20  x 60 
  
 10 x 30 
  
 5  x 15  



With increasing grid resolution,  the solution changes, only in the places of 
the model with high strain rate, but not in the far field. 

With this type of rheology, it becomes possible to use AMR to workout the 
details within high strain rate zone, being sure it will not affect the solution 

in the low strain rate zone 



Now, even 
with gauss 
point 
projection, the 
line searching 
works, picard 
converges and 
Newton too. 



Last little ingredient, damage 



Take away 
messages 

We need to better describe projections, boundary 
conditions, error evaluation, non linear algorithm 
in our publications… 

These details are always missing when trying to 
compare results between code and largely 
influence the results. 



Non linear problems:  
Exact jacobian are extremely difficult to write for plasticity or multiphysics 

problems.  
Picard linearisation  is very slow to converge 

Approximate Jacobian are very efficient when over solving is avoid 
Eisentat-walker works very well for regularised/smoothed visco-plasticity  



Take away 
messages 
All of this was done in 
2D, where we can 
always afford higher 
resolution and a lot of 
non linear iterations…  

But we all wanna have 
fast 3D codes that scale 
on massively parallel 
machine. 

If we do not have fast 
converging algorithm 
for faulting, we will end 
up with the bottom 
picture ! 

Not converged non linear solve + time stepping  
= PIXAR* 

* Fast obtained solution that look realistic enough for 
people to like the movie. Special effects indeed!  



Hiring Now ! 
12 PhD’s and  2 
post doc 

Geophysics, 
rock torturing,  
geology 
modelling 

attractive 
salaries  

ZIP ("Zooming in between plates") is a research and 
training effort between 12 leading international 
universities, research centers and 10 industrial partners. 
http://www.zip-itn.eu 




